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Abstract We study Brans-Dicke cosmology with an inverse
power-law effective potential. By using dynamical analyses,
we search for fixed points corresponding to the radiation-
like matter and dark energy-dominated era of our Universe,
and the stability of fixed points is also investigated. We find
phase space trajectories which are attracted to the stable
point of the dark energy-dominated era from unstable fixed
points like matter-dominated era of the Universe. The dark
energy comes from effective potentials of the Brans-Dicke
field, whose variation (related to the time-variation of the
gravitational coupling constant) is shown to be in good agree-
ment with observational data.
1 Introduction
The recent acceleration of our Universe is thought to be
caused by the mysterious dark energy, which composes about
68% [1–4]. Roughly 27% of the Universe consists of dark
matter [5, 6] and the remainder ordinary matter. One of the
simplest candidate for dark energy is the well-known cos-
mological constant. The so-called ΛCDM model is consis-
tent with the current observational data [7]. Nonetheless,
there still remain fine tuning problems [8] like the cosmo-
logical constant [9] and the (anthropic) cosmic coincidence
problem [10] to be understood. To suppress these problems,
researchers have studied alternative models such as quintess-
ence [11], k-essence [12], tachyon [13], scalar-tensor theo-
ries including Brans-Dicke gravity [14], and other theories.
(See [15] and [16] for reviews of these models.)
In the standard model of particle physics Higgs-like fields
have been studied to explain the primordial [17] and the
late-time acceleration of the Universe [18], and extended
Higgs models containing the Einstein tensor coupled, ki-
netic energy term have been examined in [19–21]. Scalar-
ae-mail: ssujhsim@gmail.com
tensor theories have been also studied to explain the late-
time acceleration of the Universe [22, 23]. Specifically, the
recent acceleration of the Universe could be explicated by
the scalar field responsible for the early inflation, which is
a quintessence having an exponential potential or an inverse
power-law potentials [24–32]. They might be most viable
candidates to alleviate the coincidence problem. However,
such potentials are not computed from a fundamental prin-
ciple but are given by hand. The dynamical analysis is an
useful method to treat autonomous system, while compar-
ing with the observational data about the dark energy and
so on. The method has been applied to scalar-tensor theo-
ries like Brans-Dicke gravity in Refs. [33–42] to describe
the early or the late-time Universe. (See [43–68] for other
applications.)
In this paper, as in Ref. [69] we consider Brans-Dicke
gravity with mutual interactions of the Brans-Dicke field and
a heavy field. In Sect. 2, we derive a low-energy effective po-
tential [70, 71] of the Brans-Dicke field, when the temepra-
ture of our Universe is much lower than the heavy field mass.
In Sect. 3, we set up our model to analyze the Brans-Dicke
Universe as a dynamical system and find fixed points with
various cosmological parameters. In Sect. 4, with the inverse
power-law effective potential we analyze the dynamical sys-
tem for cases of some ω-values and investigate the stability
around the fixed points. In Sect. 5, we study the de Sitter
case of a specific fixed point to describe the late-time Uni-
verse. In Sect. 6, with invariant submanifolds we reanalyze
the dynamical system and investigate the stability around the
fixed points. In Sect. 7, we summarize our results.
2 Effective potential
In this section, we briefly review the derivation of an ef-
fective potential from a high-energy theory by means of the
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2low-energy effective theory formalism [69–71]. We consider
the action for a high-energy theory
S(φ ,h) =
∫
d4x
√−g[φ 2R−ωgαβ∂αφ∂βφ −V (φ)]+Sm,
(1)
Sm(φ ,h) =
∫
d4x
√−g[−1
2
gαβ∂αh∂βh−V (h)+uφ khl ] (2)
+
∫
d4x
√−gLom.
Here ω is related to the orginal Brans-Dicke coupling con-
stant ωbd as ω = 4ωbd [14], h is a heavy field, and φ is the
Brans-Dicke field playing the role of a light field in the low-
energy effective field theory. Lom is the lagrangian for the
other matter. We consider the potential for a (Higgs-like)
heavy field, V (h) = m
2
hh
2
2 +
λh4
4 , and the second last term in
Eq.(2) is an interaction between the heavy field and the light
Brans-Dicke field.
When the freedoms associated with a heavy feld are con-
cealed from direct observation at a late-time of the Universe
of temperature lower than the heavy field mass, within the
tree-level approximation we have the following equation by
applying the low-energy effective theory formalism [69–71]
to Eqs. (1) and (2).
1√−g
δS(φ ,h)
δh
= gαβ∇α∂βh−V ′(h)+ulφ khl−1 = 0. (3)
In the low-energy limit ∂βh  m2hh, we can obtain h(φ)
from Eq. (3) and an effective potential Ve f f (φ) =
m2hh
2(φ)
2 −
uφ khl(φ) dependent on the Brans-Dicke field only (when
λ = 0). In the case of the renormalizable interaction term
[69], with k = 1 and l = 3, h(φ) and Ve f f (φ) can be written
as
h(φ)' m
2
h
3uφ
, (4)
Ve f f (φ)'
m6h
54u2φ 2
. (5)
Consequently, from Eqs. (1)-(5) we obtain the low-energy
effective theory action depenent on the Brans-Dicke field φ
only and the other matter.
S(φ ,h(φ)) =
∫
d4x
√−g[φ 2R−ωgαβ∂αφ∂βφ −V (φ)] (6)
+
∫
d4x
√−g[−1
2
gαβ∂αh(φ)∂βh(φ)−V (h(φ))+uφh3(φ)]
+
∫
d4x
√−gLom.
3 Set up autonomous system
In the flat Friedmann-Robertson-Walker (FRW) metric, gµν =
Diag.(−1,a2(τ),a2(τ),a2(τ)) with a scale factor a(τ), the
equations derived from Eq. (6) are given by
3H2 =
ρ
2φ 2
, (7)
−(2H˙+3H2) = p
2φ 2
, (8)
2φR+2ω(−φ¨ −3Hφ˙)−V (φ),φ (9)
−h¨h(φ),φ −3Hh˙(φ)h(φ),φ −Ve f f (φ),φ = 0,
where H = a˙(τ)a(τ) , the dot, ˙ , denotes a derivative with respect
to the cosmic time τ , and V (φ),φ ≡ dV (φ)dφ . The total energy
density and pressure can be written as [69]
ρ = ρbd+ρe f f +ρom and p= pbd+ pe f f + pom, (10)
where
ρbd = ωφ˙ 2−12Hφφ˙ +V (φ),
pbd = ωφ˙ 2+4(φ˙ 2+φφ¨ +2Hφφ˙)−V (φ),
ρe f f =
1
2
h˙(φ)2+Ve f f (φ),
pe f f =
1
2
h˙(φ)2−Ve f f (φ), (11)
ρom is the energy density for the other matter, and pom is the
pressure. Eq. (7) can be rewritten as
1 =
1
6H2φ 2
[ρom+ωφ˙ 2−12Hφφ˙ +V + 12 h˙(φ)
2+Ve f f (φ)].
(12)
With dimensionless variables
x2 ≡ φ˙
2
6H2φ 2
, y2 ≡ c φ˙
2
H2φ 6
, z2 ≡ V (φ)
6H2φ 2
, t2 ≡ Ve f f (φ)
6H2φ 2
,
(13)
where the constant c≡ m4h108u2 , Eq. (12) becomes
1 =Ωom+ωx2−2
√
6x+ z2+ y2+ t2. (14)
From Eqs. (8) and (9) we define other dimensionless vari-
ables A ≡ φ¨Hφ˙ and B ≡ − H˙H2 , which are dependent on each
other as
2
3
B−womΩom− (ω+4)x2− 23
√
6Ax (15)
−4
√
6
3
x+ z2− y2+ t2−1 = 0,
24x−12xB−2
√
6ωAx2−6
√
6ωx2−12Dz2x (16)
−2
√
6Ay2+24y2x−6
√
6y2−12Et2x= 0.
The ratio of the energy density of the other matter rela-
tive to 6H2φ 2 and that of the Brans-Dicke field can be ex-
pressed as
Ωom ≡ ρom6H2φ 2 = 1−ωx
2+2
√
6x− z2− y2− t2, (17)
Ωφ = ωx2−2
√
6x+ z2+ y2+ t2. (18)
3Eqs. (17) and (18) give us constraints, 0 ≤ Ωφ ≤ 1 and 0 ≤
Ωom ≤ 1. The equation of state for the total energy and pres-
sure and the equation of state regarding to the Brans-Dicke
field are given by
wm =
p
ρ
=
pom+ pbd+ pe f f
ρom+ρbd+ρe f f
(19)
= womΩom+(ω+4)x2+
2
√
6
3
xA+
4
√
6
3
x− z2+ y2− t2,
wφ =
pφ
ρφ
=
pbd+ pe f f
ρbd+ρe f f
(20)
=
(ω+4)x2+ 2
√
6
3 xA+
4
√
6
3 x− z2+ y2− t2
ωx2−2√6x+ z2+ y2+ t2
with wom =
pom
ρom . Note that our Universe is accelerating if the
equation of state for the total energy and pressure wm <− 13 .
If specially wm = −1, then the Universe must be accelerat-
ing because of the influence of the cosmological constant.
On the other hand, if −1 < wm < − 13 , then we have an ac-
celerating Universe due to the presence of dark energy like
quintessence.
Using Eqs. (12)-(16), we can rewrite our autonomous
system in Eqs. (7)-(9) as
x′ = Ax+Bx−
√
6x2, (21)
y′ = Ay+By−3
√
6xy, (22)
z′ =
√
6Dxz+Bz−
√
6xz, (23)
t ′ =
√
6Ext+Bt−
√
6xt, (24)
D′ = 2
√
6D2x[
1
2D
+Γ −1], (25)
E ′ = 2
√
6E2x[
1
2E
+Θ −1], (26)
where ′ denotes the derivative with respect to N =lna(τ). We
further define dimensionless variables as D = V
′(φ)
2V (φ)φ , E =
V ′e f f (φ)
2Ve f f (φ)
φ , Γ = V (φ)V
′′(φ)
V ′(φ)2 , andΘ =
Ve f f (φ)V ′′e f f (φ)
V ′e f f (φ)2
. If D and E
are dependent on φ , we have to analyze a 6D autonomous
system including Eqs. (25) and (26).
In this paper, however, we take V (φ) ∝ φ n which is a
power-law potential regarding to Brans-Dicke field and
Ve f f (φ) =
m6hM
j
P
54u2φ2+ j which is an inverse power-law potential
derived by the low energy effective theory formalism. In this
case, D′ = 0 and E ′ = 0 because D = n2 and E = −1− j2
where n and j are constants. Since Eqs. (25) and (26) can be
neglected, we analyze the 4D autonomous system.1
1Note that if the scalar field with (inverse) power law potentials is not
the Brans-Dicke field, then we have to analyze 6D autonomous system
because V
′(φ)
κV (φ) with κ =
√
8piG (and
V ′e f f (φ)
κVe f f
) that should be studied
instead of D (and E) is dependent on φ as in Ref. [28]. However in
Brans-Dike gravity the Brans-Dicke field is related with the gravita-
tional constant G ∝ 1φ2 [14], and thus D =
V ′(φ)
2V (φ)φ and E =
V ′e f f (φ)
2Ve f f (φ)
φ
are constants in cases of (inverse) power-law potentials [34, 35, 42, 43].
3.1 Stability analysis of fixed points
In this subsection, we determine the linear stability of a fixed
point (x = x0, y = y0, z = z0, t = t0) with a perturbation
x= x0+δx, y= y0+δy, z= z0+δ z, t = t0+δ t as
δx′
δy′
δ z′
δ t ′
=M

δx
δy
δ z
δ t
 ,
where M is given by
M =

∂x′
∂x
∂x′
∂y
∂x′
∂ z
∂x′
∂ t
∂y′
∂x
∂y′
∂y
∂y′
∂ z
∂y′
∂ t
∂ z′
∂x
∂ z′
∂y
∂ z′
∂ z
∂ z′
∂ t
∂ t ′
∂x
∂ t ′
∂y
∂ t ′
∂ z
∂ t ′
∂ t

(x=x0,y=y0,z=z0,t=t0)
to be calculated from Eqs. (21)-(24). The above has four
eigenvalues. When all eigenvalues are negative, the fixed
point is stable. When all eigenvalues are positive, the fixed
point is unstable. On the other hand, if some of eigenvalues
are negative and the others positive, then the fixed point is
saddle. If the determinant of the matrix M is negative and
real parts of the eigenvalue are negative, then the fixed point
is a stable spiral [15, 16, 45, 47].
From Eqs. (15) and (16) we have
A =
√
6
2(6x2+ωx2+ y2)
{x−3womx(1−ωx2+2
√
6x− z2− y2− t2)
−3ωx3−12x3−4
√
6x2+3xz2+3xt2 (27)
−
√
6ωx2−2Dz2x+ y2x−
√
6y2−2Et2x},
B =
3
2
wom(1−ωx2+2
√
6x− z2− y2− t2) (28)
+6x2+
√
6Ax+2
√
6x+
3
2
(−z2+ y2− t2+1).
If x= 0 and y= 0, then A in Eq. (27) is divergent. In sections
3 and 4 we do not consider the case where both x = 0 and
y= 0. However, in section 5, assuming that B= 0 and A 6= 0
which satisfy directly Eqs. (15) and (16) without using Eqs.
(27) and (28), we investigate the stability of the fixed point,
(x0 = 0,y0 = 0), corresponding to the de-Sitter Universe.
In subsections 3.2-3.5, we summarize various cosmological
parameters of each fixed point obtained from Eqs. (21)-(24),
the equation of state regarding to the Brans-Dicke field wφ ,
the total equation of state wm, the density ratio of the Brans-
Dicke field Ωφ , and eigenvalues λ i with i= 1,2,3,4.
3.2 Fixed points of (x= 0,y 6= 0,z= 0, t = 0) type
Among fixed points of Eqs. (21)-(24), we have this type (a).
43.2.1 (xa,ya,za, ta) = (0,±1,0,0)
This type of fixed points with Ωφa = 1, wma = 1, and wφa =
1 describes the stiff matter-dominated era of our Universe.
Eigenvalues are given by
λ 1a = 0,λ 2a = 3−3wom,λ 3a = 3,λ 4a = 3.
It is a normally unstable point (Non-Hyperbolic)2.
3.3 Fixed points of (x 6= 0,y= 0,z= 0, t = 0) type
Among fixed points of Eqs. (21)-(24), we obtain types (b).
3.3.1 (xb1±,yb1,zb1, tb1) = (
√
6±√6+ω
ω ,0,0,0)
Ωφb1 = 1, wmb1 =
24+3ω±4√6√6+ω
3ω , wφb1 =
24+3ω±4√6√6+ω
3ω .
Eigenvalues are
λ 1b1± =− 2(12
√
6+
√
6ω±12√6+ω)
ω(
√
6±√6+ω) ,
λ 2b1± =
6+6D+3ω±√6√6+ω±√6D√6+ω
ω ,
λ 3b1± =
6+6E+3ω±√6√6+ω±√6E√6+ω
ω ,
λ 4b1± =
12+3ω±2√6√6+ω−3ωwom
ω .
For the ’+’ case of fixed points 3.3.1, stability conditions
that all eigenvalues are negative are E < −1, wom > 4+ωω +
2
3
√
36+6ω
ω2 and D < 2− 12
√
36ω2+6ω3
ω2 , 0 < ω <
1
18 (−30−
24E+6E2)+ 118
√
900+1440E+216E2−288E3+36E4. The
’−’ case of the fixed points 3.3.1 is unstable (saddle).
3.3.2 (xb2,yb2,zb2, tb2) = (
√
6−3√6wom
12+3ω−3ωwom ,0,0,0)
Ωφb2 =− 2(−1+3wom)(−24+ω(−5+3wom))3(−4+ω(−1+wom))2 , wmb2 =
√
6−3√6wom
12+3ω−3ωwom ,
wφb2 =
(−8+ω(−2+wom))(−1+3wom)
−24+ω(−5+3wom) . Eigenvalues are
λ 1b2 =
3(−4+ω(−1+wom))(1+wom)+4D(−1+3wom)
−8+2ω(−1+wom) ,
λ 2b2 =
3(−4+ω(−1+wom))(1+wom)+4E(−1+3wom)
−8+2ω(−1+wom) ,
λ 3b2 =
4−12wom
−4+ω(−1+wom) ,λ
4
b2 =
16+3ω(−1+wom)2−24wom
−8+2ω(−1+wom) .
All the fixed points of 3.3.2 are unstable (saddle) with a con-
straint 0≤Ωφb2 ≤ 1.
3.4 Fixed points of (x 6= 0,y= 0,z 6= 0, t = 0) type
Among fixed points of Eqs. (21)-(24), we have a type (c).
2To complete analysis of stability for the fixed point where one of its
eigenvalues is 0, we sholud consider a center manifold analysis [49,
54, 58, 62–65]. However, we don’t analyze such a deeper dynamical
analysis in present paper, which is denoted by Non-Hyperbolic.
3.4.1 (xc1,yc1,zc1±, tc1) =
(−
√
2/3(−2+D)
(2+2D+ω) ,0,±
√
−(−10−8D+2D2−3ω)(6+ω)√
3(2+2D+ω)
,0)
Ωφ = 1, wm = 2−18D+4D
2−3ω
6+6D+3ω , wφ =
2−18D+4D2−3ω
6+6D+3ω .
Eigenvalues are
λ 1c1 =−3+ 2(−2+D)(1+D)2+2D+ω ,λ 2c1 =−3+ 4(−2+D)D2+2D+ω −3wom,
λ 3c1 =
2(−2+D)(D−E)
2+2D+ω , λ
4
c1 =
4(−2+D)
2+2D+ω .
For fixed points of 3.4.1, stability conditions that all eigen-
values are negative with (−10−8D+2D2−3ω)(6+ω)< 0
are 0<D< 2,wom<−1,−2−2D<ω < −6−14D+4D2−6wom−6Dwom3+3wom ,
E < D or 0 < D < 2, wom ≥ −1, ω > −2− 2D, E < D or
D> 2, wom <−1, −6−14D+4D2−6wom−6Dwom3+3wom <ω <−2−2D,
E < D or D> 2, wom ≥−1, ω <−2−2D, E < D.
3.4.2 (xc2,yc2,zc2±, tc2) =
(−
√
3
2
(1+wom)
2D ,0,±
√
Fc2
2
√
2D
√
2+2D+ω
,0)
Here Fc2 =D2(8−24wom)−3(2+ω)(−4+ω(−1+wom))(1
+wom)−2D(−16+ω(−5+6wom+3w2om)).
wmc2 =
−1+(−1+D)wom
D , Ωφc2 =
3(2+ω)(1+wom)+2D(7+3wom)
4D2 ,
wφc2 =
3(2+ω)wom(1+wom)+2D(−2+5wom+3w2om)
3(2+ω)(1+wom)+2D(7+3wom) . Eigenvalues are
λ 1c2 =
3D2(6+ω)(2+2D+ω)(1+D(−1+wom)+wom)−
√
3
√
F
4D3(6+ω)(2+2D+ω) ,
λ 2c2 =
3D2(6+ω)(2+2D+ω)(1+D(−1+wom)+wom)+
√
3
√
F
4D3(6+ω)(2+2D+ω) ,
λ 3c2 =
3(D−E)(1+wom)
2D , λ
4
c2 =
3(1+wom)
D ,
where F = D4(6+ω)(2+2D+ω)2(32D3(−1+ 3wom) +
D2(34−42wom(10+3wom)+3ω(−1+wom)(7+9wom))−
3(1+wom)
2(−54+ω(−37−6ω+6(2+ω)wom))−6D(1+
wom)(−58−6wom+ω(−17+wom(19+6wom)))). For fixed
point 3.4.2, conditions Fc2 > 0 and ω > −2− 2D are re-
quired.
3.5 Fixed points of (x 6= 0,y= 0,z= 0, t 6= 0) type
We obtain fixed points of types (d) from Eqs. (21)-(24).
3.5.1 (xd1,yd1,zd1, td1±) =
(−
√
2/3(−2+E)
2+2E+ω ,0,0,±
√
−(−10−8E+2E2−3ω)(6+ω)√
3(2+2E+ω)
)
Ωφd1 = 1,wmd1 =
2−18E+4E2−3ω
6+6E+3ω ,wφd1 =
2−18E+4E2−3ω
6+6E+3ω . Eigen-
values are given with the substitution D → E for the fixed
points in the subsection 3.4.1.
3.5.2 (xd2,yd2,zd2, td2±) =
(−
√
3
2
(1+wom)
2E ,0,0,±
√
Fd2
2
√
2E
√
(2+2E+ω)
)
Here Fd2 =E2(8−24wom)−3(2+ω)(−4+ω(−1+wom))(1
+wom)−2E(−16+ω(−5+6wom+3w2om)).
5wmd2 =
−1+(−1+E)wom
E , Ωφd2 =
3(2+ω)(1+wom)+2E(7+3wom)
4E2 ,
wφd2 =
3(2+ω)wom(1+wom)+2E(−2+5wom+3w2om)
3(2+ω)(1+wom)+2E(7+3wom) .
Eigenvalues are given with the substitution D → E for the
fixed points in the subsection 3.4.2.
In the subsections 3.2-3.5, we have found fixed points
with general values E, D, wom, and ω . Among them, for
example, the ω = −4 case corresponds to an effective the-
ory of string theory [73], and the fixed point with wom = 0,
E = −1, D = 2, Ωφ = 1, wm = −1, wφ = −1, and eigen-
values [0, 0, −3, −3] in the subsection 3.4.1 are normally
stable (Non-Hyperbolic). The ω = −6 case corresponds to
conformally invariant models [74], and the fixed point with
wom = 0, E =−1, D= 1, Ωφ = 1, wm =−1, wφ =−1, and
eigenvalues [2, 2, −1, −1] in the subsection 3.4.1 is saddle.
The ω = 2400 case satisfies astronomical constraints given
by solar-system experiments [72], and the fixed point with
wom = 0, E = −1, D = 1, Ωφ = 1, wm = −1, wφ = −1,
and eigenvalues [− 1601 , − 1601 , − 1804601 , − 1804601 ] in the subsec-
tion 3.4.1 is stable. In the next section we analyze physically
meaningful, specified more fixed points.
4 Dynamical analysis
We consider cases with such special values as E =−1, D=
1 (which give us Ve f f (φ) ∝ φ−2, V (φ) ∝ φ 2), and wom = 0
for other non-relativistic matter. This j= 0 case corresponds
to that given in Eq. (5). We regard both cases with the Brans-
Dicke coupling constant ω < 0 and ω > 0. Specific exam-
ples with ω = −3 and ω = 5 only are studied for conve-
nience, and possible trajectories from the fixed point corre-
sponding to radiation-like matter dominated era to the dark
energy-dominaed era of our Universe are to be found.
4.1 ω =−3 case
When ω = −3, by using the results in the sections 3.2-3.5
we obtain explicit properties of fixed points like cosmologi-
cal parameters relevent to them.
PA1 = (0,±1,0,0) : Ωφ = 1,wm = 1,wφ = 1.
PA2 = ( 13 (
√
3−√6),0,0,0) :Ωφ = 1,wm≈ 0.22, wφ ≈ 0.22.
PA3 = ( 13 (−
√
3−√6),0,0,0) : Ωφ = 1,wm ≈−3.55, wφ ≈
−3.55.
PA4 = (
√
2
3 ,0,0,0) : Ωφ =−6,wm = 43 , wφ ≈−0.22.
PA5 = (
√
2
3 ,0,
√
7,0) : Ωφ = 1,wm =−1, wφ =−1.
PA6 = (
√
2
3 ,0,−
√
7,0) : Ωφ = 1,wm =−1, wφ =−1.
PA7 = (−
√
3
2
√
2
,0,
√
7
2
√
2
,0) :Ωφ = 11/4,wm=−1,wφ ≈−0.36.
PA8 = (−
√
3
2
√
2
,0,−
√
7
2
√
2
,0) :Ωφ = 11/4,wm=−1,wφ ≈−0.36.
PA9 = (−
√
2
3 ,0,0,
√−1,) :Ωφ = 1,wm≈−3.67,wφ ≈−3.67.
PA10 = (−
√
2
3 ,0,0,−
√−1) : Ωφ = 1,wm ≈ −3.67, wφ ≈
−3.67.
PA11 = (
√
3
2
√
2
,0,0,
√−1
2
√
2
) :Ωφ =−17/4,wm= 1, wφ ≈−0.24.
PA12 = (
√
3
2
√
2
,0,0,−
√−1
2
√
2
) :Ωφ =−17/4,wm= 1,wφ ≈−0.24.
Requiring the constraint, 0 ≤ Ωφ ≤ 1, we have written
down (selected) realistic fixed points PA1, PA2,3, PA5,6 in Ta-
ble 1. We represent possible paths:
1. PA1 → PA5,6
2. PA2,3 → PA5,6
It is shown that the paths in a phase space pass well from the
radiation-like matter era to dark energy-dominated era of the
Universe, as one can see in Figs. 1 and 2.
4.2 ω = 5 case
When ω = 5, we also obtain explicit properties of fixed
points like cosmological parameters related to them, by us-
ing the results in the sections 3.2-3.5.
PB1 = (0,±1,0,0) : Ωφ = 1,wm = 1,wφ = 1.
PB2 = ( 15 (
√
6−√11),0,0,0) : Ωφ = 1,wm ≈ 0.43, wφ ≈
0.43.
PB3 = ( 15 (
√
6+
√
11),0,0,0) : Ωφ = 1,wm ≈ 4.77, wφ ≈
4.77.
PB4 = (
√
2
9
√
3
,0,0,0) : Ωφ ≈−0.4,wm ≈ 0.15, wφ ≈−0.37.
PB5 = (
√
2
9
√
3
,0,
√
341
9
√
3
,0) : Ωφ = 1,wm =−1, wφ =−1.
PB6 = (
√
2
9
√
3
,0,−
√
341
9
√
3
,0) : Ωφ = 1,wm =−1, wφ =−1.
PB7 =(−
√
3
2
√
2
,0,
√
31
2
√
2
,0) :Ωφ ≈ 8.75,wm=−1, wφ ≈−0.11.
PB8 =(−
√
3
2
√
2
,0,−
√
31
2
√
2
,0) :Ωφ ≈ 8.75,wm=−1,wφ ≈−0.11.
PB9 = (
√
6
5 ,0,0,
√
11
5 ) : Ωφ = 1,wm ≈ 0.6, wφ ≈ 0.6.
PB10 = (
√
6
5 ,0,0,−
√
11
5 ) : Ωφ = 1,wm ≈ 0.6, wφ ≈ 0.6.
PB11 = (
√
3
2
√
2
,0,0,−
√
23
2
√
2
) : Ωφ ≈ 1.75,wm = 1, wφ ≈ 0.57.
PB12 = (
√
3
2
√
2
,0,0,
√
23
2
√
2
) : Ωφ ≈ 1.75,wm = 1, wφ ≈ 0.57.
Requiring the constraint, 0≤Ωφ ≤ 1 again, we have re-
alistic fixed points PB1, PB2,3, PB5,6 and PB9,10 in Table 2. We
represent possible paths:
3. PB1 → PB9,10 → PB5,6
4. PB2 → PB9,10 → PB5,6
We show also that these trajectories pass well from the radiation-
like matter era to the dark energy-dominaed era (as ΛCDM
cosmological model), as one can see in Figs. 3-5.
Before discussing de Sitter universe, let us briefly in-
vestigate the obsevational constraints in Brans-Dicke cos-
mology at the stable fixed points given in Tables 1 and 2.
6Table 1 Fixed points (for ω =−3, E =−1, D= 1, wom = 0, and 0≤Ωφ ≤ 1), their eigenvalues, and stability
Point x y z t Eigenvalues Stability
PA1 0 ±1 0 0 (3,3,3,0) unstable
PA2 1/3(
√
3−√6) 0 0 0 (3,1.8,1.8,1.17) unstable
PA3 −1/3(
√
3+
√
6) 0 0 0 (6.8,−3.8,−3.8,3) saddle
PA5,6
√
2/3 0 ±√7 0 (−7,−7,−4,−4) stable
Table 2 Fixed points (for ω = 5, E =−1, D= 1, wom = 0, and 0≤Ωφ ≤ 1), their eigenvalues, and stability
Point x y z t Eigenvalues Stability
PB1 0 ±1 0 0 (3,3,3,0) unstable
PB2 1/5(
√
6−√11) 0 0 0 (3,2.15,2.15,0.85) unstable
PB3 1/5(
√
6+
√
11) 0 0 0 (8.6,8.6,−5.6,3) saddle
PB5,6
√
2/3/9 0 ±√(341/3)/9 0 (−3.4,−3.4,−0.4,−0.4) stable
PB9,10
√
6/5 0 0 ±√11/5 (−3,−2.4,2.4,−0.6) saddle
PA3 PA2
PA7
PA8
PA4
PA5
PA6
-4 -2 0 2 4
-4
-2
0
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z
Fig. 1 The figure exhibits the phase space trajectories on the xz-plane
for the case where j = 0, ω = −3,E = −1, and D = 1, among fixed
points given in the subsection 4.1. The paths go from PA2 to PA5,6. The
stable (attractor) points PA5 and PA6 are related to the late-time accel-
erating Universe, and PA2 is an unstable point corresponding to the
radiation-like matter dominated era.
The variability3 of the gravitational constant in this Brans-
Dicke theory is given by | G˙G |0 ≈ 2.9×10−10/yr for PA5,6 and
| G˙G |0 ≈ 3.2× 10−11/yr for PB5,6, respectively, when the age
of the Universe τ0 = 1/H0 ≈ 13.8× 109yr. These are con-
sistent with the observational results given by [75].
3x≡ φ˙√
6Hφ
=− G˙
2
√
6HG
because G˙G =
−2φ˙/φ3
1/φ2 =−
2φ˙
φ .
Fig. 2 The figure exhibits a part of phase space trajectories on the xyz-
space for the case where j = 0, ω =−3, E =−1, and D= 1. It shows
the trajectory starting from the fixed point PA1 is attracted toward the
stable fixed point PA5.
5 de Sitter universe
In this section, we study the stability of de Sitter universe,
in which the cosmological scale factor has an exponential
form. When A(6= 0) is a constant and B= 0, the fixed points
with x0 = 0 and y0 = 0 satisfy Eqs. (21)-(26), which are now
reduced to
x′ = Ax−
√
6x2, (29)
y′ = Ay−3
√
6xy, (30)
z′ =
√
6Dxz−
√
6xz, (31)
t ′ =
√
6Ext−
√
6xt, (32)
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Fig. 3 The figure exhibits the phase space trajectories on the xt-space
for the case where j = 0, ω = 5, E = −1, and D = 1, among fixed
points given in the subsection 4.2. The paths go from PB2 to PB9,10. The
unstable point PB2 corresponds to the radiation-like matter dominated
era.
Fig. 4 The figure exhibits a part of phase space trajectories on the xyt-
space for the case where j = 0, ω = 5, E =−1, and D= 1. The figure
shows the trajectory starting from the fixed point PB1 is attracted toward
the saddle fixed point PB9.
D′ = 2
√
6D2x[
1
2D
+Γ −1], (33)
E ′ = 2
√
6E2x[
1
2E
+Θ −1]. (34)
The equation of state regarding to the Brans-Dicke field
wφ = −1, the equation of state for the total energy density
and pressure wm = −z2 − t2 with no other matter wom =
Fig. 5 The figure exhibits a part of phase space trajectories on the xzt-
space for the case where j = 0, ω = 5, E =−1, and D= 1. The figure
shows the trajectory starting from the fixed point PB9 is attracted toward
the stable fixed point PB5.
0, and the density ratio regarding to the Brans-Dicke field
Ωφ = z2+ t2. Note that B can be written as
B≡− H˙
H
=
3
2
(1+wm) (35)
from Eqs. (7) and (8). The fact that B= 0 in de Sitter space-
time is consistent with wm =−1 and z2+ t2 = 1. From Eqs.
(29)-(32) we can obtain eigenvalues of this fixed point, (A,A,
0,0). When we assume that (with B= 0, x= 0, and y= 0)
a(τ) = a0eH0τ , φ(τ) = φ0τ f (36)
where H0 and f are constants, f = 0 because x≡ φ˙/
√
6Hφ
(∝ f/τ)= 0 and y≡√cφ˙/Hφ 3 (∝ f τ−2 f−1)= 0. Since A≡
φ¨/Hφ˙ = ( f − 1)/Hτ , A becomes −1 in the late-time when
H0 ' τ−10 is used with the age of the Universe τ0. Thus the
eigenvalues are normally stable (Non-Hyperbolic).
6 Dynamical system with invariant submanifolds
In previous sections 4 and 5, we have analyzed the 4-dimensional
dynamical system by investigating the fixed points and their
stability and shown some physically meaningful trajectories
around fixed points in projected (to 2- or 3-dimensional)
phase spaces, because we cannot describe entire 4-dimensional
phase space. However, we find an useful mathematical method
by which a dynamical system can be described more ap-
propriately in low-dimensional phase spaces: Invariant sub-
manifolds are parts of entire phase space, which evolve to
themselves under the dynamics, and each of them is not con-
nected to any other areas [16, 49, 51, 54, 58, 63, 65, 67]. We
can find invariant submanifolds by looking at the structure
of our dynamical system.
8The right hand side of Eqs. (21)-(24) can be factorized
as
x′ = x(A+B−
√
6x), y′ = y(A+B−3
√
6x),
z′ = z(
√
6Dx+B−
√
6x), t ′ = t(
√
6Ex+B−
√
6x),
so that x = 0 (without the kinetic term), y = 0 (without the
effective kinetic term), z= 0 (without the potential term), or
t = 0 (without the effective potential term) is an invariant
submanifold, respectively. This implies that a global attrac-
tor exists when x = y = z = t = 0, but we cannot determine
whether our dynamical system has a global attractor since
a divergent singularity appears in Eqs. (27) and (28) (when
x= 0 and y= 0).
In this section, we thus investigate some invariant sub-
manifolds to study dark energy, which make us to exhibit
more naturally the physically meaningful attractors and tra-
jectories in 2-dimensional phase space as in Figs. 6-9 than
analyses of previous sections. Also, we consider the vacuum
case Ωom = 0 in which the dynamical system in Eqs. (21)-
(24) can be reduced to a 3-dimensional system.
6.1 Vacuum case Ωom = 0
With Ωom = 0, Eq. (14) becomes 1 = ωx2− 2
√
6x+ z2 +
y2+ t2. Therefore, Eqs. (21)−(24) are reduced to equations
of a 3 dimensional dyanmical system.
x′ = A1x+B1x−
√
6x2, (37)
z′ =
√
6Dxz+B1z−
√
6xz, (38)
t ′ =
√
6Ext+B1t−
√
6xt, (39)
where A1 and B1 are given by
A1 =
1
6x2+ωx2+ y2
(
√
3
2
(x+(3−2E)t2x
−
√
6(4+ω)x2−3(4+ω)x3−
√
6y2+ xy2 (40)
+(3−2D)x(1− t2+2
√
6x−ωx2− y2))),
B1 =
1
6x2+ωx2+ y2
(3x(x+(3−2E)t2x−
√
6(4+ω)x2
−3(4+ω)x3−
√
6y2+ xy2
+(3−2D)x(1− t2+2
√
6x−ωx2− y2))), (41)
with y2 = 1− t2+2√6x−ωx2− z2. We summarize various
cosmological parameters of each fixed point obtained from
Eqs. (37)-(39).
PC1 =(0,0,0) : y= 1, wm=wφ = 1, eigenvalues are (3,3,0),
normally unstable (Non-Hyerbolic).
PC2,3 =(−
√
2
3 (−2+D)
2+2D+ω ,±
√
−(−10+2(−4+D)D−3ω)√6+ω√
3
√
(2+2D+ω)2
,0) : y=
0, wm = wφ =−1+ 4(−2+D)(−1+D)3(2+2D+ω) , eigenvalues are
( 8(−2+D)2+2D+ω ,
2(−2+D)(D−E)
2+2D+ω ,−3+ 2(−2+D)(1+D)2+2D+ω ). Stability con-
ditions that all eigenvalues are negative are D ≤ −1,ω >
PC6
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Fig. 6 The figure exhibits the phase space trajectory on the xz-plane for
the case where wom = 0, ω = 6, E =−1, and D= 1. The figure shows
the fixed point PC2,3 is stable, corresponding to the cosmological-
constant dominated era.
1
3 (−10−8D+2D2),E <D or−1<D< 2,ω >−2−2D,E <
D or D> 2,ω <−2−2D,E < D.
PC4,5 is given with substitution D→ E for the fixed point
PC2,3.
PC6,7 =(
√
6±√6+ω
ω ,0,0) : y= 0,wm=wφ =
24+3ω+4
√
6
√
6+ω
3ω ,
eigenvalues are ( 6+6D+3ω±
√
6
√
6+ω±√6D√6+ω
ω ,
6+6E+3ω±√6√6+ω+√6E√6+ω
ω ,
4(−6∓√6√6+ω)
ω ), unstable(saddle).
For E = −1, D = 1, wom = 0, and ω = 6, fixed points
with various cosmological parameters are given below.
PC1 = (0,0,0) : y = 1, wm = wφ = 1. This seems to de-
scribe a stiff-matter dominated era of universe. The eigen-
values are (3,3,0), which mean it’s normally unstable (Non-
Hyerbolic).
PC2,3 = ( 15
√
6
,±
√
34
5 ,0) : y= 0, wm =wφ =−1 which seems
to describe the cosmological-constant dominated era of uni-
verse. The eigenvalues are (− 45 ,− 25 ,− 175 ), stable.
PC4,5 = ( 1√6 ,0,±
√
2) : y= 0, wm =wφ = 13 which looks like
a radiaion dominated era, with eigenvalues (−4,2,−3), sad-
dle.
PC6,7 = ( 16 (±2
√
3+
√
6),0,0) : y = 0, wm = wφ = 118 (42±
24
√
2), with eigenvalues ( 16 (30±12
√
2),3, 23 (−6∓6
√
2)),
unstable(saddle). This also seems a radiation dominated era.
As one can see in Fig. 6, the paths in a phase space pass well
from the radiation dominated era to dark energy dominated
era of the Universe,
96.2 Invariant submanifold y= 0 case
With y = 0, Eqs. (21)− (24) are reduced to 3 dimensional
dynamical system.
x′ = A2x+B2x−
√
6x2, (42)
z′ =
√
6Dxz+B2z−
√
6xz, (43)
t ′ =
√
6Ext+B2t−
√
6xt, (44)
where A2 and B2 are given by
A2 =
1
6x2+ωx2
√
3
2
((3−2E)t2x−
√
6(4+ω)x2−3(4+ω)x3
+(3−2D)xz2+ x(1−3wom(1− t2+2
√
6x−ωx2− z2))),
(45)
B2 =
3
2
(1− t2+4
√
2
3
x+(4+ω)x2− z2+wom(1− t2+2
√
6x
−ωx2− z2))+ 1
6x2+ωx2
3x((3−2E)t2x−
√
6(4+ω)x2
−3(4+ω)x3+(3−2D)xz2+ x(1−3wom(1− t2+2
√
6x
−ωx2− z2))). (46)
We summarize various cosmological parameters of each fixed
point obtained from Eqs. (42)− (44).
PD01,2 =(−
√
2
3 (−2+D)
2+2D+ω ,±
√
−D(−10+2(−4+D)D−3ω)(6+ω)2+2D+ω√
3
√
D(2+2D+ω)
,0) :Ωφ =
1,wm=−1+ 4(−2+D)(−1+D)3(2+2D+ω) ,wφ =−1+ 4(−2+D)(−1+D)3(2+2D+ω) , and
eigenvalues are ( 2(−2+D)(D−E)2+2D+ω ,−3+ 2(−2+D)(1+D)2+2D+ω ,−3+
4(−2+D)D
2+2D+ω − 3wom). Stability condtions that all eigenvalues
are negative are D< 0,ω <−6,wom > −6−14D+4D2−3ω6+6D+3ω , E >
D, or 0 <D< 2,ω >−2−2D,wom > −6−14D+4D2−3ω6+6D+3ω ,E <
D orD> 2,ω > 13 (−10−8D+2D2),wom> −6−14D+4D
2−3ω
6+6D+3ω ,
E > D.
PD03,4 =(−
√
2
3 (−2+E)
2+2E+ω ,0,±
√
− E(−10+2(−4+E)D−3ω)(6+ω)2+2E+ω√
3
√
E(2+2E+ω)
) : Eigen-
values and cosmological parameters are given with the sub-
stitution D→ E for the fixed points PD01,2.
PD05,6 =(
√
6±√6+ω
ω ,0,0) :Ωφ = 1,wm=
24+3ω±4√6√6+ω
3ω ,wφ =
24+3ω±4√6√6+ω
3ω , eigenvalues are (
6+6D+3ω±√6√6+ω±√6D√6+ω
ω ,
6+6E+3ω±√6√6+ω±√6E√6+ω
ω ,
12+3ω±2√6√6+ω−3ωwom
ω ). Sta-
bility conditions that all eigenvalues are negative are −6 <
ω < 0,wom > 4+ωω ∓ 23
√
36+6ω
ω2 ,E > 2∓ 12
√
36+6ω,D >
2∓ 12
√
36+6ω or ω > 0,wom > 4+ωω − 23
√
36+6ω
ω2 ,E > 2∓
1
2
√
36+6ω,D> 2∓ 12
√
36+6ω .
PD07,8 = (−
√
3
2 (1+wom)
2D ,
±
√
−(2+2D+ω)(3(−4+ω(−1+wom))(1+wom)+4D(−1+3wom))
2
√
2D
√
(2+2D+ω)
,0) :
Ωφ = 3(2+ω)(1+wom)+2D(7+3wom)4D2 , wm =
−1+(−1+D)wom
D ,
wφ =
3(2+ω)wom(1+wom)+2D(2+wom)(−1+3wom)
3(2+ω)(1+wom)+2D(7+3wom) , and eigenvalues
are ( 3(D−E)(1+wom)2D ,
1
4D3 (3D
2(1+D(−1+wom)+wom)−
√
3
√
FD1
(6+ω)(2+2D+ω) ),
1
4D3 (3D
2(1+D(−1+wom)+wom)+√
3
√
FD2
(6+ω)(2+2D+ω) )),
where FD1 =(D4(6+ω)(2+2D+ω)2(32D3(−1+3wom)+
D2(34−42wom(10+3wom)+3ω(−1+wom)(7+9wom))−
3(1+wom)2(−54+ω(−37−6ω+6(2+ω)wom))−6D(1+
wom)(−58− 6wom+ω(−17+wom(19+ 6wom))))), FD2 =
(D4(6+ω)(2+2D+ω)2(32D3(−1+3wom)+D2(34−42
wom(10+3wom)+3ω(−1+wom)(7+9wom))−3(1+wom)2
(−54+ω(−37−6ω+6(2+ω)wom))−6D(1+wom)(−58−
6wom+ω(−17+wom(19+6wom))))). In the fixed point PD07,8,
conditions−(2+2D+ω)(3(−4+ω(−1+wom))(1+wom)+
4D(−1+3wom))> 0 and 2+2D+ω > 0 are required.
PD09,10 = (−
√
3
2 (1+wom)
2E ,0,
±
√
−(2+2E+ω)(3(−4+ω(−1+wom))(1+wom)+4E(−1+3wom))
2
√
2E
√
(2+2E+ω)
) :
Eigenvalues and cosmological parameters are given with the
substitution D→ E for the fixed point PD07,8.
PD011 = (
√
2
3 (−1+3wom)
−4+ω(−1+wom) ,0,0) :Ωφ =−
2(−1+3wom)(−24+ω(−5+3wom))
3(4+ω−ωwom)2 ,
wm =
−4+3ω(−1+wom)wom
−12+3ω(−1+wom) ,wφ = −
2
3 +
4(6+ω)
72+ω(15−9wom) +wom,
eigenvalues are ( 3(−4+ω(−1+wom))(1+wom)+4D(−1+3wom)−8+2ω(−1+wom) ,
3(−4+ω(−1+wom))(1+wom)+4E(−1+3wom)
−8+2ω(−1+wom) ,
16+3ω(−1+wom)2−24wom
−8+2ω(−1+wom) ).
Stability conditions that all eigenvalues are negative arewom<
1
3 ,ω ≤−6,E > (12+3ω+12wom−3ωw
2
om)
−4+12wom ,
D> 12+3ω+12wom−3ωw
2
om
−4+12wom or
1
3 <wom < 1,ω >
−16+24wom
3−6wom+3w2om ,
E > 12+3ω+12wom−3ωw
2
om
−4+12wom ,D>
12+3ω+12wom−3ωw2om
−4+12wom .
With E = −1, D = 1, wom = 0, and ω = 2 or −7, fixed
points with various cosmological parameters are given be-
low.
6.2.1 ω = 2
PD1,2 = ( 13
√
6
,± (2
√
11
3 )
3 ,0) : Ωφ = 1, wm = −1, wφ = −1,
eigenvalues (− 23 ,− 113 ,− 113 ), stable.
PD3,4 = (
√
3
2 ,0,±2) : Ωφ = 1, wm = 3, wφ = 3, eigenvalues
(6,−3,3), saddle.
PD5,6 =( 12 (±2
√
2+
√
6),0,0) :Ωφ = 1,wm= 16 (30±16
√
3),
wφ = 16 (30± 16
√
3), eigenvalues ( 12 (18± 8
√
3),3, 12 (18±
8
√
3)), unstable.
PD7,8 = (−
√
3
2
2 ,±
√
11
2 ,0), Ωφ =
13
2 , wm = −1, wφ = − 213 ,
eigenvalues are (3,− 11
√
3
4 ,
11
√
3
4 ), saddle.
PD9,10 =(
√
3
2
2 ,0,±
√
7
2 ) :Ωφ =− 12 , wm= 1, wφ =−2, eigen-
values (3, 14 (−6+3i
√
3), 14 (−6−3i
√
3)), saddle.
PD11 = ( 13
√
6
,0,0) : Ωφ = − 1727 , wm = 29 , wφ = − 617 , eigen-
values ( 116 ,
7
6 ,− 116 ), saddle.
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Fig. 7 The figure exhibits the phase space trajectory on the xz-plane for
the case where wom = 0, ω = 2, E =−1, and D= 1. The figure shows
the the fixed point PD1,2 is stable, corresponding to the cosmological-
constant dominated era.
Requiring the constraint, 0 ≤ Ωφ ≤ 1, we write down (se-
lected) realistic fixed points PD1,2, PD3,4, PD5,6 and represent
possible paths.
5. PD3,4,5,6→ PD1,2
It is shown that the paths in the phase space pass well from
the radiation-like matter dominated era to dark energy dom-
inated era of the Universe, as one can see in Fig. 7.
6.2.2 ω =−7
PE1,2 = (−
√
2
3
3 ,±
√
5
3
3 ,0) : Ωφ = 1, wm = −1, wφ = −1,
eigenvalues ( 43 ,− 53 ,− 53 ), saddle.
PE3,4 = (−
√
6
7 ,0,± 1√7 ) : Ωφ = 1, wm =−
15
7 , wφ =− 157 ,
eigenvalues (− 127 ,−3,− 337 ), stable.
PE5 = (−
√
2
3
3 ,0,0) : Ωφ =
22
27 , wm =− 49 , wφ =− 611 , eigen-
values ( 56 ,
13
6 ,− 56 ), saddle
Requiring the constraint, 0 ≤ Ωφ ≤ 1, we write down
(selected) realistic fixed points PE1,2, PE3,4, PE5 and repre-
sent possible paths.
6. PE1,2,5→ PE3,4
It is shown that the paths in the phase space pass well from
the radiation-like matter era to dark energy dominated era of
the Universe, as one can see in Fig. 8.
PE3
PE5
PE4
-1.0 -0.5 0.0 0.5 1.0
-1.0
-0.5
0.0
0.5
1.0
x
t
Fig. 8 The figure exhibits the phase space trajectory on the xt-plane
for the case where wom = 0, ω = −7, E = −1, and D = 1. The figure
shows the the fixed point PE3,4 is stable, corresponding to a phantom
dark energy.
6.3 Invariant submanifold x= 0 and z= 0 case
With x = 0 and z = 0, Eqs. (21)− (24) are reduced to 2
dimensional system.
y′ = A3y+B3y, (47)
t ′ = B3t, (48)
where A3 and B3 are given by
A3 =−3, (49)
B3 =
3
2
(1− t2+ y2+wom(1− t2− y2)). (50)
We summarize various cosmological parameters of each fixed
point obtained from Eqs. (47)− (48).
PF1 = (0,0) : Ωφ = 0. This is the ordinary matter domi-
nated case with wm = wom, wφ = indeterminate. Eigenval-
ues are ( 3(wom−1)2 ,
3(wom+1)
2 ) and the condition for stability is
wom <−1.
PF2,3 =(±1,0) :Ωφ = 1,wm= 1,wφ = 1, eigenvalues (3,3−
3wom), unstable(saddle).
PF4,5 = (0,±1) : Ωφ = 1, wm = −1, wφ = −1, eigenvalues
(−3,−3(wom+1)). The condition for stability that all eigen-
values are negative are wom >−1.
Requiring the constraint, 0 ≤ Ωφ ≤ 1, we write (selected)
realistic fixed points PF1, PF2,3, PF4,5 and represent possible
paths.
7. PF1,2,3→ PF4,5
It is shown that the paths in the phase space pass well from
the radiation-like matter era to dark energy dominated era of
the Universe, as one can see in Fig. 9.
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-2
-1
0
1
2
y
t
Fig. 9 The figure exhibits the phase space trajectory on the yt-plane for
the case where ω is arbitrary, wom = 0, E =−1, and D= 1. The figure
shows the the fixed point PF4,5 is stable, mimicking the cosmological
constant.
7 Conclusions
We have studied cosmology in a Brans-Dicke gravity theory
with the inverse power-law potential derived from the low-
energy effective theory formalism [69–71], by using the dy-
namical system method. Analyzing the evolution of our Uni-
verse as a dynamical system, we have got fixed points with
various values of the cosmological parameters, E,D,ω , and
wom, in the sections 3 and 4. We have investigated the sta-
bility around the fixed points when ω > 0 and ω < 0 also.
In the special ω = −3 and ω = 5 cases, we have described
in phase spaces the evolution of the whole Universe from
(unstable fixed point) the radiation-like matter to the (sta-
ble) dark-energy dominated era. In addition, we have shown
in Footnote 3 of the section 4 that a theoretical constraint for
the variability x of the gravitational coupling constant in our
Brans-Dicke theory is in good agreement with the experi-
mental results [75]. In the section 5, for the specific, cosmic
solution (with an arbitrary ω-value) which corresponds to
de Sitter universe we have demonstrated that it is the stable
fixed point corresponding to the late-time Universe.
In the section 6, we have studied dynamical system with an
invariant submanifold such as vacuum case Ωom = 0. More-
over, we have analyzed specific dynamical systems such as
x= 0, y= 0, and z= 0 case. We have got stable fixed points
PC2,3,PD1,2 composed of only the kinetic and potential terms
for Brans-Dicke field. The stable point PE3,4 seems to cor-
respond to a phantom dark energy composed of the kinetic
term for the Brans-Dicke field and the effective potential for
the scalar field. The x = 0 and z = 0 case with stable point
PF4,5 can be thought as quintessence-like model, composed
of effective kinetic and potential terms for the scalar field.
In summary, we have shown that our cosmological model
in a Brans-Dicke theory with inverse power-law potentials
derived from the low-energy effective theory formalism can
describe well the late-time Universe dominated by dark en-
ergy as a stable fixed point, which is evolved from the radiation-
like matter dominated era (unstable fixed point). It would be
interesting to perform sophisticated analyses with more gen-
eral cases including j 6= 0 inverse power-law and exponen-
tial effective potentials as well as a more detailed compari-
son to recent cosmological observations.
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